We have developed a model for mode hopping in doubly resonant optical parametric oscillators. The pump produced two pairs of signal-idler modes. We obtain various steady states of interest, namely, when only the first pair oscillates with the other pair that has null amplitudes and vice versa. Stability analysis reveals that there can be an exchange of stability between the oscillating and the zero amplitude pairs. We derive conditions for the exchange of stability in terms of cavity parameters, which can change because of changes in the cavity length or because of fluctuations in the phase of the pump. We demonstrate the exchange of stability from numerical solutions of coupled nonlinear equations for five complex modes (i.e., the pump and the two signal idler pairs). For a specific choice of parameters we also demonstrate the excitation of both the pairs. © 1997 Optical Society of America [S0740-3224(97) 
INTRODUCTION
Ever since the first experimental demonstration of the optical parametric oscillator (OPO) by Giordmaine and Miller, 1 interest in these devices as the most widely tunable source of electromagnetic radiation has remained unabated.
2
Several review papers have appeared that covered both regimes of its operation, namely, singly resonant and doubly resonant domains. [3] [4] [5] [6] [7] In the singly resonant oscillator, in which either the signal or the idler is resonant with the cavity, the device does not suffer from frequency instability, although the oscillations are characterized by a higher threshold. In contrast, the doubly resonant oscillator (DRO), although it is characterized by a lower threshold, exhibits large frequency instabilities because of the mode-hopping phenomenon.
7-10 Keeping in view the fact that except for mode hopping the DRO would be an ideal source of tunable radiation, there have been attempts to understand, at least qualitatively, the physical origin of mode hopping. In fact, a change in the cavity length or in the refractive indices at the relevant frequencies can lead to different mode spacings at the signal and idler frequencies, which may result in a different pair of modes with larger gain, thus making the new pair the preferred one.
7-10 On the other hand, phase fluctuations can lead to renormalized decay rates and alter the dynamics of the evolution. In fact, we can include phase fluctuations of the pump in the theory by redefinition of the mode amplitudes. If the phase fluctuations obey the diffusion process, the mode amplitudes effectively satisfy equations with modified damping parameters either in the pump or in a signal-idler pair.
11 Notwithstanding the vast data on DRO's 1-10,12-14 and various qualitative approaches, a quantitative treatment of the modehopping phenomenon in a direct fashion has been missing. In this paper we present such a model for which the pump can feed two pairs of signal and idler modes. The relevant cavity parameters, namely, the phase-mismatch parameters or the decay rates of the pairs, will switch at a certain time. By direct integration of the equations of motion we demonstrate the ON-OFF switching between the pairs. We consider several typical switching functions that lead to the same physical effect. The switching is explained in terms of simple linear stability analysis. Moreover, we show that for a specific choice of parameters it is possible to have nonzero steady states for both of the signal-idler pairs. For the latter case we demonstrate the dependence of the oscillation amplitudes on the initial conditions. Moreover, our calculations show that the simultaneous oscillation of these mode pairs is extremely unlikely.
The organization of the paper is as follows: In Section 2 we present the model and the results of our numerical investigations. In Section 3 we present the ON-OFF steady states and carry out the stability analysis that establishes the mode-hopping phenomenon. In Section 4 we discuss the steady states in which both the mode pairs are ON.
MODEL AND NUMERICAL RESULTS
Consider a pump with amplitude d driven by a source F p at frequency 3 . The pump is assumed to feed two pairs of signal-idler modes, namely, a 1 , a 2 and b 1 , b 2 , respectively. The signal-idler pair a 1 , a 2 (b 1 , b 2 ) is characterized by frequencies a1 , a2 ( b1 , b2 ). The equations of motion for the complex amplitudes can be written following a standard procedure 13 as follows:
ȧ j ϭ Ϫ aj a j ϩ ␤f a exp͑Ϫi⌬ a t ͒da 3Ϫj *,
